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The Fermi surface of most hole-doped cuprates is close to a Van Hove singularity at the M point. A
two-dimensional electronic system, whose Fermi surface is close to a Van Hove singularity shows a
variety of weak coupling instabilities. It is a convenient model to study the interplay between anti-
ferromagnetism and anisotropic superconductivity. The renormalization group approach is reviewed
with emphasis on the underlying physical processes. General properties of the phase diagram and
possible deformations of the Fermi surface due to the Van Hove proximity are described.
71.18.+y, 71.10.Hf, 74.25.Ha.
The Fermi surface of most hole-doped cuprates is close
to a Van Hove singularity at the M point. The possible
relevance of this fact to the superconducting transition as
well as to the anomalous behavior of the normal state was
put forward in the early times of the cuprates and gave
rise to the so-called Van Hove scenario (VHS) [1]. Early
critiques to the scenario have been confronted with the
observation by angle resolved photoemission (ARPES)
of very flat bands near the Fermi level [2] and with the
consistency of most data with the VHS. Van Hove sin-
gularities are found nowadays in a vaste number of ex-
perimental and theoretical papers under various names
as hot spots or flat bands.
The field theory renormalization group techniques
adapted to condensed matter problems in [3], have been
crucial to elucidate issues such as the renormalization of
the quasiparticle peak and of the Fermi surface shape as
well as to provide a clear picture of the phase diagram in
the proximity of large peaks in the density of states.
In this paper we give an updated review of the VHS
and put forward some new features that can be explained
within this framework.
A two dimensional electronic system with a square lat-
tice has typically two inequivalent high symmetry points
in the Brillouin Zone where a saddle point in the disper-
sion relation is likely to occur. Near a Van Hove singu-
larity the fermion density of states diverges, so that even
arbitrarily weak interactions can produce large effects.
When the Fermi level reaches these points, a variety of
response functions diverge.
The simplest microscopic model to study this problem
is the t− t′-Hubbard model which has the dispersion re-
lation
ε(k) = −2t [cos(kxa) + cos(kya)]
− 2t′ cos(kxa) cos(kya)− µ− 2t
′ , (1)
Band structure calculations [4] provide values for the pa-
rameters that can accurately describe the observed Fermi
surface of most cuprates. For the hole-doped materials,
t′ < 0 and, in all cases, t′ < t/2. Typical values for
BISCO are t ∼ 0.5 eV, t′/t ∼ −0.3, and a small value of
t” that we shall ignore here.
This dispersion relation has two inequivalent saddle
points at M (π, 0) and M’ (0, π). The Van Hove model in
its simpler formulation is obtained by assuming that for
fillings such that the Fermi line lies close to the singular-
ities, the majority of states participating in the interac-
tions will come from regions in the vicinity of the saddle
points. Taylor expanding eq. (1) around the two points
gives the effective relation
εA,B(k) ≈ ∓(t∓ 2t
′)k2xa
2 ± (t± 2t′)k2ya
2 , (2)
which provides a well defined continuous field theory
model to which renormalization group techniques can be
rigorously applied [5].
Particle-particle and particle-hole susceptibilities have
logarithmic divergences giving rise to various instabilities
at low temperatures. The renormalization group allows
to study the flow of the various response functions and
to get a phase diagram as a function of t’ and U.
In the simplest of local repulsive interactions, the
leading instabilities are towards ferro- and antiferromag-
netism, and also towards d-wave superconductivity [6].
The phase diagram is shown in fig. 1.
It is interesting to remark that the electron-hole sus-
ceptibility at ~Q = (π, π) also diverges logarithmically,
χeh(~Q) ∼ log(Λ/ǫF ), where Λ is a high energy cutoff, of
the order of the bandwidth, Λ ∼ 1eV, and ǫF is the dis-
tance of the Fermi level to the saddle point, which is typ-
ically one order of magnitude or more smaller. The fer-
romagnetic transition, generic of two dimensional models
of this type [7], is due to scattering processes which in-
volve small momentum transfer. These processes are,
most likely, screened in a 3D structure, where scatter-
ing with |~q| ∼ d−1, where d is the interlayer distance, is
strongly modified.
From the critical frequencies separating the antiferro-
magnetic and the superconducting region in fig. 1, we
1
can see that the critical temperature for superconductiv-
ity increases with the value of t’, a result in agreement
with recent band theory calculations [8].
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FIG. 1. Phase diagram of the t-t’-Hubbard model near a
Van Hove singularity from ref. 6. The dotted lines are contour
lines corresponding to the critical frequencies shown in the
figure.
Within the same model we can obtain a number of
other features consistent with the observed behavior of
the cuprates: i) The normal state has anomalous fea-
tures, including a quasiparticle lifetime which goes as |ǫ|
[9,10], ii) For some values of the parameters, stripes are
found [11,12], and iii) the out of plane electron hopping
is incoherent [13].
The proximity of the Fermi surface to Van Hove singu-
larities induce strong renormalization of the Fermi sur-
face shape which can give rise to deformations of the
Fermi surface breaking the lattice symmetry [16]. An
extended interaction is needed for this to occur [17].
The competition between d-wave superconductivity
and an instability at ~Q leads to three possible scenar-
ios:
i) The d-wave susceptibility, which diverges as
χe−e(ω) ∼ log(Λ/ω) log(Λ/ǫF ), diverges first, before in-
stabilities at ~Q develop. There is a transition to a d-
wave superconductor. This is probably realized in the
overdoped regime.
ii) The SDW instability at ~Q diverges much faster than
the superconducting one. The ground state is antiferro-
magnetic. This is likely to occur near half filling.
iii) Both instabilities are comparable. The ground
state will be, most likely, a d-wave superconductor. The
reason is that, in the absence of perfect nesting, the in-
stability at ~Q, even if fully developed, does not lead to
an insulating state. Portions of the Fermi surface re-
main gapless. The logarithmic divergences in the BCS
channel are not fully suppressed, and become χe−e(ω) ∼
log(Λ/ω) log(Λ/∆~Q), where ∆~Q is a scale determined by
the divergence of χe−h(~Q). The existence of anomalous
behavior at a scale above the superconducting critical
temperature has been widely reported in the underdoped
regime, and is usually associated to the pseudogap.
In the case where the Fermi surface does not have
space symmetries, the phase diagram shows competition
between ferromagnetism and p-wave superconductivity
[14]. Coexistence of ferromagnetism and triplet super-
conductivity has been reported in MgCNi3 [18] whose
Fermi surface lies close to Van Hove singularities [19],
and in the ruthenium compounds [20].
As a summary we list the main results obtained by the
combined RG techniques in the VHS which have some
experimental support.
- vanishing of the quasiparticle peak ,
- pinning of the Fermi surface at the singularity,
- in-plane resistivity linear in frequency,
- incoherence of the c axis transport,
- deformation of the Fermi surface breaking the tetrag-
onal symmetry of the lattice (Pomeranchuk instability),
- coexistence of antiferromagnetism d-wave supercon-
ductivity, and existence of a ferromagnetic phase if the
Fermi surface is four fold symmetric,
- increasing of Tc with t
′ in the t-t’ model,
- coexistence of ferromagnetism and p wave supercon-
ductivity for asymmetric Fermi surfaces.
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